Abstract. The author classifies Klein four symmetric pairs of holomorphic type for noncompact Lie group E 6(−14) , which gives a class of pairs (G, G ′ ) of real reductive Lie group G and its reductive subgroup G ′ such that there exist irreducible unitary representations π of G, which are admissible upon restriction to G ′ .
1. Introduction 1.1. Notations. Denote by R and C the real field and the complex field respectively. For any positive integer n, denote by I n the n×n identity matrix. For a Lie group G with its Lie algebra g, denote by AutG and Autg the automorphism group of G and g respectively. Also, denote by Intg the subgroup of Autg, which contains all the inner automorphisms of g. For f ∈ AutG, write G f := {g ∈ G | f (g) = g}. Similarly, for f ∈ Autg, write g f := {X ∈ g | f (X) = X} and g −f := {X ∈ g | f (X) = −X}. Moreover, if two elements g 1 and g 2 in the group G are conjugate by an element in the subgroup H of G, i.e., g 2 = h −1 g 1 h for some h ∈ H, then write g 1 ∼ H g 2 ; else, write g 1 ≁ H g 2 . For g ∈ G, denote by [g] the conjugacy class of g in G. If g 1 , g 2 , · · · , g n are n elements in a group G, then denote by g 1 , g 2 , · · · , g n the subgroup of G generated by g 1 , g 2 , · · · , g n .
1.2.
Outlines. Riemannian symmetric pairs were classified byÉlie Joseph CARTAN in [2] and [3] , and the general semisimple symmetric pairs were classified by Marcel BERGER in [1] . Jingsong HUANG and Jun YU studied semisimple symmetric spaces from a different point of view in [7] ; that is, by determining the Klein four subgroups in the automorphism groups of compact Lie algebras. As an extension of the work of [7] , Jun YU classified all the elementary abelian 2-groups in the automorphism groups of compact Lie algebras, where groups of rank 2 are just Klein four subgroups. However, the classification of Klein four subgroups in the automorphism groups of non-compact simple Lie algebras is not clear. In this acticle, the author will study the Klein four symmetric pairs for the connected simple Lie group E 6(−14) := Inte 6 (−14) ; namely, to find some pairs (E 6(−14) , G ′ ) with G ′ the reductive subgroup of the fixed points under the action of some Klein four subgroup of the automorphism group of E 6(−14) .
The motivation to study the Klein four symmetric pairs for E 6(−14) comes from the branching problem raised by Toshiyuki KOBAYASHI in [13, Problem 5.6] . Concretely, one may want to classify the pairs (G, G ′ ) of real reductive Lie groups satisfying the following condition: there exist an infinite dimensional irreducible unitary representation π of G and an irreducible unitary representation τ of G ′ such that
where K is a maximal compact subgroup of G, g is the complexified Lie algebra of G, π K | g ′ is the restriction of underlying (g, K)-module of π to the complexified Lie algebra g ′ of G ′ , K ′ is a maximal compact subgroup of G ′ such that K ′ ⊆ G ′ ∩ K, and τ K ′ is the underlying (g ′ , K ′ )-module of τ . For symmetric pairs (G, G ′ ), the problem was solved in [14, Theorem 5.2] . Unfortunately, it is unknown for general cases, even for Klein four symmetric pairs.
Here is a sufficient condition. If there exist an infinite dimensional irreducible unitary representation π of G and an irreducible unitary representation τ of G ′ such that
where π| G ′ is the restriction of π to G ′ . This is true when G is a simple Lie group of Hermitian type and (G, G ′ ) is a symmetric pair of holomorphic type, which the author will tell the details in this article. As a generalization of this result, if G is a simple Lie group of Hermitian type and (G, G ′ ) is a Klein four symmetric pair of holomorphic type, this is also true. More general, for a simple Lie group of Hermitian type G and its reductive subgroup G ′ , if the Lie algebra of G ′ contains the center of the Lie algebra of a maximal compact subgroup of G, then it holds. It is not easy to give a complete list of all such pairs (G, G ′ ), but one may just consider Klein four symmetric pairs. Hence, in this article, the author focus on the case when G = E 6(−14) .
The article is organized as follows. At the beginning, the author briefly introduces Klein four symmetric pairs. After that, the author explains how Klein four symmetric pairs of holomorphic type is related to representations of Lie groups. Finally, the author classifies Klein four symmetric pairs of holomorphic type for e 6(−14) , and applies the results to representation theory.
Klein Four Symmetric Pairs
2.1. Finite groups in Autg 0 . Let g 0 be a real semisimple Lie algebra. For each element σ ∈ Autg 0 , define Θ(σ) : Autg 0 → Autg 0 given by f → σf σ −1 whose differential is σ. In particular, if θ is a Cartan involution of g 0 , then Θ(θ) is a Cartan involution of Autg 0 , and the centralizer Z Autg0 (θ) := {σ ∈ Autg 0 | σθ = θσ} is a maximal compact subgroup of Autg 0 .
Conversely, Suppose that K is a maximal compact subgroup of Autg 0 . Take a Cartan involution θ ′ of g 0 , and Z Autg0 (θ ′ ) is a maximal compact subgroup of Autg 0 . Hence, there exists an element f ∈ Autg 0 such that
, and θ := f −1 θ ′ f is also a Cartan involution of g 0 . Therefore, any maximal compact subgroup of Autg 0 is given by Z Autg0 (θ) for some Cartan involution θ of g 0 . Proof. It is clear that the finite group H is included in a maximal compact subgroup of Autg 0 , so H ⊆ Z Autg0 (θ) for some Cartan involution θ of g 0 ; namely, θ centralizes H.
Klein Four Subgroups.
From now on, the author focuses on real simple Lie groups G and real simple Lie algebras g 0 . Definition 2. Let G (respectively, g 0 ) be a real simple Lie group (respectively, Lie algebra), and let σ and τ be two non-identity involutive automorphisms of G (respectively, g 0 ). Then the subgroup
is called a Klein four symmetric subgroup (respectively, subalgebra) of G (respectively, g 0 ), and (G, G {σ,τ } ) (respectively,
) are said to be isomorphic if there exists a Lie group (respectively, Lie algebra) isomorphism f : 
by [7, 
is said to be of holomorphic (respectively, anti-holomorphic) type if τ Z = Z (respectively, τ Z = −Z), in which case τ may be said to be of holomorphic (respectively, anti-holomorphic) type for convenience.
According to the classification of the symmetric pairs of holomorphic type and anti-holomorphic type in [12, Unlike symmetric pairs of holomorphic type, the classification of Klein four symmetric pairs of holomorphic type is unknown. In the last section, the author will classify Klein four symmetric pairs of holomorphic type for E 6(−14) which is a simple Lie group of Hermitian type.
Admissible Representations. Suppose that G is a real simple Lie group, and G
′ is a reductive subgroup of G. Let π be a unitary representation of G on a Hilbert space. Recall the definition of G ′ -admissible representations given in [9] and [10] . The restriction π| G ′ from G to G ′ is called G ′ -admissible if the restriction π| G ′ splits into a discrete Hilbert direct sum of irreducible representations:
with each multiplicity n π (τ ) a nonnegative integer, where G ′ denotes the unitary dual of G ′ . The point here is that there is no continuous spectrum in the branching law and that each multiplicity is finite. Here is a special but important example of G ′ -admissible restrictions, which was shown in [4] , [5] , and [6] : If K is a maximal compact subgroup of G, any irreducible unitary representation π of G is K-admissible when restricted to K.
Suppose that G is a real simple Lie group of Hermitian type; that is, G/K carries a structure of a Hermitian symmetric space where K is a maximal compact subgroup of G. Equivalently, the center Z(k 0 ) of Lie algebra k 0 of K has dimension 1. The classification of simple Lie algebras g 0 of Hermitian type is given as follows:
Such a Lie algebra g 0 satisfies the condition that a Cartan subalgebra h 0 of k 0 becomes a Cartan subalgebra of g 0 . Moreover, there exists a characteristic element Z ∈ Z(k 0 ) such that g = l ⊕ p + ⊕ p − is a decomposition with respect to the eigenspaces of Z on the complexified Lie algebra g corresponding to the eigenvalue 0, √ −1, and − √ −1 respectively. Similarly, Remove the subscript, and then h denotes the complexification of h 0 . Choose a positive system Φ + for (g, h) and its simple system ∆. Denote by Φ + k the set of the positive roots of (k, h), and write Φ
Suppose that V is a simple (g, K)-module, and then set
Recall the definition of unitary highest weight representation. If π is a unitary representation of G on a Hilbert space H, and H K is the underlying (g, K)-module, then π is called a unitary highest weight representation if H p+ K = {0}; namely, H K is a highest weight (g, K)-module. Proposition 6. Let G be a real simple Lie group of Hermitian type, and
Proof. Let λ be the highest weight of the underlying (g, K)-module V K of π, and then each weight in V K is of the form λ − β − nα for some non-negative integer n, where β is an integer linear combination of elements in Φ + k and α is the unique simple root in ∆ p . It is obvious that the weight vectors with any fixed weight of V K form a finite-dimensional space. Take an element Z ∈ Z(k) such that α(Z) = 1, and the weight vectors with the weight λ − β − nα lie in the eigenspace of Z with the eigenvalue λ(Z)−n; namely, the eigenvalue of Z on each weight vector only depends on n. Because Φ + k is a finite set, each eigenspace is of finite-dimensional. Notice that Proof. Since τ σ = στ , by Proposition 1, there exists a maximal compact subgroup K of G, which is fixed by both τ and σ. Moreover, both g 3.1. Elementary abelian 2-subgroups in Aute 6(−78) . Let g = e 6 , the complex simple Lie algebra of type E 6 . Fix a Cartan subalgebra of g and a simple root system {α i | 1 ≤ i ≤ 6}, the Dynkin diagram of which is given in Figure 1 . For each root α, denote by H α its coroot, and denote by X α the normalized root vector so that [X α , X −α ] = H α . Moreover, one can normalize X α appropriately such that
is a compact real form of g by [8] . It is well known that Autu 0 /Intu 0 ∼ = Autg/Intg which is just the automorphism group of the Dynkin diagram. The author follows the constructions of involutive automorphisms of u 0 in [7] . Let τ be the specific involutive automorphism of the Dynkin diagram defined by 6) .
Let G = Autu 0 , and G 0 = Intu 0 be the identity component of G. From [7] , it is known that (G 0 ) σ3 ∼ = F 4(−52) , the compact Lie group of type F 4 , and there exist involutive automorphisms τ 1 and τ 2 of F 4(−52) such that f By [7] , τ 1 , τ 2 , σ 3 τ 1 , and σ 3 τ 2 represent all conjugacy classes of involutive automorphisms in G σ3 except for σ 3 and there are conjugacy relations in G:
. Let i, j, and k denote the fundamental quaternion units, and then set x 0 = σ 3 , x 1 = τ 1 = (I 3 , −1), x 2 = (iI 3 , i),
, and
For a integer pair (r, s) with r ≤ 2 and s ≤ 3, define
On the other hand, (G 0 ) σ4 ∼ = Sp(4)/ −I 4 . Let η 1 = iI, η 2 = −I 2 0 0 I 2 , and η 3 = −1 0 0 I 3 . By [7] , η 1 , η 2 , η 3 , σ 4 η 1 , σ 4 η 2 , and σ 4 η 3 represent all conjugacy classes of involutive automorphisms in G σ4 except for σ 3 and there are conjugacy relations in G: 3.2. Elements conjugate to σ 2 . In this part, the author needs to determine which involutive automorphisms are conjugate to σ 2 in G because the noncompact dual g 0 = e 6(−14) of u 0 corresponding to σ 2 is of Hermitian type.
Firstly, consider the elements in F r,s and F ′ r,s . In fact, one only needs to check the elements in the largest group F 2,3 = x 0 , x 1 , x 2 , x 3 , x 4 , x 5 . Proof. Let H = Sp(3) × Sp(1)/ (−I 3 , −1) for convenience. Consider the following four points.
• Obviously, x 0 ∼ G σ 3 ≁ G σ 2 . Moreover, x 0 is an outer automorphism while x i for 1 ≤ i ≤ 5 are all inner automorphisms. Thus if ω ∈ F ′ 2,3 = x 1 , x 2 , x 3 , x 4 , x 5 , then x 3 ω is an outer automorphism which cannot be conjugate to the inner automorphism σ 2 . Hence the author only needs to check the elements in the biggest group F ′ 2,3 = x 1 , x 2 , x 3 , x 4 , x 5 .
• Let S 1 = {x 1 , x 2 , x 3 , x 1 x 2 , x 1 x 3 , x 2 x 3 , x 1 x 2 x 3 }. Firstly, x 1 ∼ G σ 1 by [15] . Secondly, x 2 is conjugate to τ 1 in F 4(−52) by [7] , and it follows that x 2 ∼ G σ 1 . Thirdly, since it is well known that ±i, ±j, and ±k are pairwisely conjugate in the group ring of the quoternion group, it is immediate that
In particular, it is conclude that all elements in S 1 are conjugate to σ 1 in Autu 0 .
• Let S 2 = {x 4 , x 5 , x 4 x 5 }. Firstly, x 4 is conjugate to τ 2 in F 4(−52) by [7] , and it follows that x 4 ∼ G σ 2 . Secondly, it is obvious that x 4 ∼ H x 5 ∼ H x 4 x 5 . In particular, it is conclude that all elements in S 2 are conjugate to σ 2 in Autu 0 .
• Consider ω 1 ω 2 where ω 1 ∈ S 1 and ω 2 ∈ S 2 . Firstly,
, which is conjugate to τ 1 in F 4(−52) by [7] , and it follows that x 1 x 4 ∼ G σ 1 . Similary, one has
Secondly, because i is conjugate to −i in the group ring of the quoternion group, it is easy to see that x 2 x 4 ∼ H x 1 x 2 x 4 ∼ H x 2 , and hence
In similar way, one can show that ω 1 ω 2 ∼ G σ 1 for all ω 1 ∈ S 1 and ω 2 ∈ S 2 . Based on the four points, the conclusion holds.
Secondly, consider the elements in F u,v,r,s and F In particular, if x ∈ y 1 , y 2 , y ∈ y 3 , y 4 , and z ∈ y 5 , y 6 , then µ(xyz) = µ(x)µ(y)µ(z).
Proof. The conclusion follows from the equivalent definition of µ immediately. Proof. According to the definition of µ, elements conjugate to σ 2 in F ′ 0,1,0,2 are exactly µ −1 (1)\ {1}. Thus, by Lemma 10, there are 27 such elements: y 3 , y 4 , y 5 , y 6 , y 3 y 5 , y 3 y 6 , y 4 y 5 , y 4 y 6 , y 1 y 3 y 4 , y 1 y 5 y 6 , y 2 y 3 y 4 , y 2 y 5 y 6 , y 1 y 2 y 3 y 4 , y 1 y 2 y 5 y 6 , y 1 y 3 y 4 y 5 , y 1 y 3 y 4 y 6 , y 1 y 3 y 5 y 6 , y 1 y 4 y 5 y 6 , y 2 y 3 y 4 y 5 , y 2 y 3 y 4 y 6 , y 2 y 3 y 5 y 6 , y 2 y 4 y 5 y 6 , y 3 y 4 y 5 y 6 , y 1 y 2 y 3 y 4 y 5 , y 1 y 2 y 3 y 4 y 6 , y 1 y 2 y 3 y 5 y 6 , and y 1 y 2 y 4 y 5 y 6 . On the other hand, fix an involutive automorphism θ of u 0 , and by holomorphic extension and restriction, θ is a Cartan involution of a noncompact dual g 0 of u 0 . Let Θ : Autu 0 → Autu 0 be given by f → θ −1 f θ, whose differential is θ on u 0 . Suppose that Γ 1 and Γ 2 are two finite abelian subgroups of Autu 0 , which are centralized by θ. If Γ 2 = g −1 Γ 1 g for some g ∈ (Autu 0 ) Θ , then Γ 1 and Γ 2 is conjugate in Autg 0 because (Autu 0 ) Θ is contained in Autg 0 . Thus, for a compact Lie algebra u 0 , a pair (θ, Γ) with θ an involutive automorphism of u 0 and Γ a Klein four subgroup of Autu 0 such that θ / ∈ Γ and θ centralizes Γ, gives a Klein four symmetric subalgebra of the noncompact Lie algebra g 0 = u θ 0 + √ −1u −θ 0 . Moreover, if two such pairs are conjugate Autu 0 , then they give a same Klein four symmetric pair up to isomorphism. Here, the pairs (θ 1 , Γ 1 ) and (θ 2 , Γ 2 ) are said to be conjugate in Autu 0 if there exists an element g ∈ Autu 0 such that θ 2 = g −1 θ 1 g and Γ 2 = g −1 Γ 1 g. In order to find all the Klein four symmetric pair of holomorphic type for g 0 = e 6(−14) , according to the argument above, the author needs to find all the conjugacy classes of the pairs (θ, Γ) with θ ∈ G involutive automorphisms and Γ ⊆ G Klein four subgroups such that (i) θ / ∈ Γ; (ii) θ ∼ G σ 2 ; (iii) θ centralizes Γ; (iv) every element σ ∈ Γ is identity on the center of u θ 0 ; namely, each σ ∈ Γ gives a symmetric pair of holomorphic type for g 0 = u
0 . Because of the items (i), (ii), and (iii), one knows immediately that each subgroup generated by such θ and Γ must be contained in the some elementary abelian 2-subgroup of rank 3 in G, i.e., one of the 7 subgroups listed in Proposition 12 up to conjugation.
On the other hand, notice that π is a surjection from the set of conjugacy classes of g 0 to the set of conjugacy classes of u 0 . According to the classification of symmetric pairs, it is known that the cardinality of pre-image |π = so(10) ⊕ so (2) . According to the classification of symmetric pairs of holomorphic type [14, Table C .2], σ 1,1 , σ 1,2 , σ 2,1 , σ 2,2 , and σ 2,3 give all the symmetric pairs of holomorphic type for g 0 . Hence, taking the item (iii) into consideration, there is no need to consider the elementary abelian 2-subgroups of rank 3 in G, which contain outer automorphisms. Thus, a pair (θ, Γ) satisfies the above four requirements if and only if θ ∼ G σ 2 and the group θ, Γ generated by θ and the elements in Γ is conjugate to one of following abelian elementary 2-subgroups of rank 3:
In order to compute the explicit Klein four symmetric pairs of holomorphic type for g 0 , for each elementary abelian 2-subgroup of rank 3 listed above, the author needs to take three steps.
Step 1: Determine the conjugacy classes (θ, Γ) in Autu 0 ;
Step 2 (i) x 1 , x 2 , x 4 :
• θ = y 3 , Γ = y 1 y 3 , y 3 y 4 ; (iv) y 3 , y 4 , y 5 :
• θ = y 5 , Γ = y 3 , y 4 ;
• θ = y 3 , Γ = y 4 , y 5 ;
• θ = y 3 , Γ = y 3 y 4 , y 5 ;
• θ = y 3 , Γ = y 4 , y 3 y 5 .
Proof. If the group θ, Γ is conjugate to x 1 , x 2 , x 4 , then the pair (θ, Γ) is conjugate to one of (x 4 , x 1 , x 2 ), (x 4 , x 1 x 4 , x 2 ), (x 4 , x 1 , x 2 x 4 ), and (x 4 , x 1 x 4 , x 2 x 4 ). The author needs to show that they are all conjugate. In fact, there is an automorphism f of the group x 1 , x 2 , x 4 , given by f (x 1 ) = x 1 x 4 , f (x 2 ) = x 2 , and f (x 4 ) = x 4 . By Lemma 9, it is immediate that f (x) ∼ G x for all x ∈ x 1 , x 2 , x 4 . Then by [15, Proposition 6.9] , there exists an element g ∈ G such that f (x) = g −1 xg for all x ∈ x 1 , x 2 , x 4 , and this shows that (x 4 , x 1 , x 2 ) and (x 4 , x 1 x 4 , x 2 ) are conjugate. Similarly, both (x 4 , x 1 x 4 , x 2 ) and (x 4 , x 1 , x 2 x 4 ) are conjugate to (x 4 , x 1 , x 2 ).
If the group θ, Γ is conjugate to x 1 , x 4 , x 5 , apply Lemma 9 and [15, Proposition 6.9] in the same way, one shows that (θ, Γ) is conjugate to (x 5 , x 1 , x 4 ).
If θ, Γ is conjugate to y 1 , y 3 , y 4 , then the pair (θ, Γ) is conjugate to one of (y 3 , y 1 , y 4 ), (y 3 , y 1 y 3 , y 4 ), (y 3 , y 1 , y 3 y 4 ), (y 3 , y 1 y 3 , y 3 y 4 ), (y 4 , y 1 , y 3 ), (y 4 , y 1 y 4 , y 3 ), (y 4 , y 1 , y 3 y 4 ), (y 4 , y 1 y 4 , y 3 y 4 ), (y 1 y 3 y 4 , y 1 , y 3 ), (y 1 y 3 y 4 , y 1 , y 4 ), (y 1 y 3 y 4 , y 3 , y 4 ), and (y 1 y 3 y 4 , y 1 y 4 , y 3 y 4 ). One may use Lemma 11 and [15, Proposition 6.9 ] to show that the pairs in each of the following items are conjugate:
• (y 3 , y 1 , y 4 ), (y 3 , y 1 , y 3 y 4 ), (y 4 , y 1 , y 3 ), (y 4 , y 1 , y 3 y 4 ), (y 1 y 3 y 4 , y 1 , y 3 ), and (y 1 y 3 y 4 , y 1 , y 4 ); • (y 3 , y 1 y 3 , y 4 ), (y 4 , y 1 y 4 , y 3 ), and (y 1 y 3 y 4 , y 3 , y 4 ); • (y 3 , y 1 y 3 , y 3 y 4 ), (y 4 , y 1 y 4 , y 3 y 4 ), and (y 1 y 3 y 4 , y 1 y 4 , y 3 y 4 ). Moreover, since the groups y 1 , y 4 , y 1 y 3 , y 4 , and y 1 y 3 , y 3 y 4 are pairwisely non-conjugate by [7, Table 4 ], the three items above correspond to three conjugacy classes exactly.
If If θ, Γ is conjugate to y 3 , y 4 , y 5 , in the same way, one shows that (θ, Γ) is conjugate to at least one of (y 5 , y 3 , y 4 ), (y 3 , y 4 , y 5 ), (y 3 , y 3 y 4 , y 5 ), and (y 3 , y 4 , y 3 y 5 ). Moreover, (y 5 , y 3 , y 4 ), (y 3 , y 4 , y 5 ), (y 3 , y 3 y 4 , y 5 ), and (y 3 , y 4 , y 3 y 5 ) are pairwisely non-conjugate by [7, , whose compact duals are give according to [7, Table 4 ] as follows.
• u Finally, the author needs to determine all u θ,Γ 0 listed in Lemma 13. It is very hard to compute them directly because all x i and y j are inner automorphisms taken from G σ3 and G σ4 , but both σ 3 and σ 4 are outer automorphisms. However, by [15, Proposition 6.9] again, one may find the groups isomorphic to those θ, Γ in G σ1 or G σ2 .
According to [7] , it is known that G σ1 ∼ = (SU(6) × Sp (1) Proof. Based on the group isomorphisms of elementary abelian 2-subgroups of rank 3 in Autu 0 , make use of [15, Proposition 6.9] , and the conclusions hold immediately by computations.
